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Abstract 

I [ The Andrews-Curtis conjecture asserts that, for a free group -F„ of rank n and 

O i a free basis (xi, ...,Xn), any normally generating tuple (yi, ..., ?/.„) is Andrews- 

Curtis equivalent to (xi, ...,Xn)- This equivalence corresponds to the actions 



(N 



p ■ of Aut Fn and of -F„ on normally generating n-tuples. The equivalence cor- 

<^ . responding to the action of Aut Fn on generating n-tuples is called Nielsen 

Q^ ! equivalence. The conjecture for arbitrary finitely generated group has its 
own importance to analyse potential counter-examples to the original con- 

Q> ■ jecture. We study the Andrews-Curtis and Nielsen equivalence in the class 

rh ■ of finitely generated groups for which every maximal subgroup is normal, 

_H . including nilpotent groups and Grigorchuk groups. 
-(— > 

1 Introduction 

►^ The famous Andrews-Curtis conjecture [3l [23] can be stated as follows: 

OO 

v^ ■ Conjecture 1.1 (The Andrews-Curtis conjecture). Let F„ be a free group 

^ ■ of rank n > 2. If {xi, ...,Xn} is a free basis and {ri,...,r„} is a normally 

'. generating set of Fn, then (ri,...,r„) and (xi,...,x„) are Andrews- Curtis- 

Q i equivalent. 

m 

Let us give some background related to this conjecture. Let G be a finitely 
generated group. The rank rank(G') of a group G is the minimal number of 
k> ■ generators of G. The following transformations of the set G^,n > 1, are 

H ■ called elementary Nielsen moves: 

Th^jyXi, ..., Xj, ..., Xj, ..., Xn) yXi, ..., X^Xj , ..., Xj, ..., Xn) ■, 

I "^ I If If If If I I If ry-' — /y> /y rf 1 

'i^-'^' ■"'*'"■' J' '■■' '^' V*^!' ■■■' -^j -^J; •••; -^J; •••! ■''n^i 

J V 1' ■■■' J' ■■■' ^/ V'*'!; •••; •''j i---iXn)i 
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where 1 < i,j < n, i ^ j. Elementary Nielsen moves transform generating 
sets of G into generating sets. Two generating sets are called Nielsen equiva- 
lent if one is obtained from the other by a finite chain of elementary Nielsen 
moves. 

Elementary Nielsen moves together with the transformations 

■^^i,s\-^ly ■■■■! -^iy •■■■! •^n) \-^l'> • •■ y -^i y ■• -y •^n) 

where 1 < i < n, sgS'U S~^ G G, S is a. fixed subset of G, form the set 
of elementary Andrews- Curtis moves relative to S, or shortly ACs-moves. 
Elementary AC^-moves transform normally generating sets (sets which gen- 
erate G as a normal subgroup) into normally generating sets. Two normally 
generating sets are called Andrews- Curtis - equivalent relative to S {ACs- 
equivalent) if one is obtained from the other by a finite chain of elementary 
AC^-moves. In the case when S = G, we refer to AC-moves. 

As in [21], the weight w{G) of a group G is the minimal number of normal 
generators of G. 

Given an integer n > w{G) and a subset S G G, the Andrews- Curtis 
graph (AC-graph) A„ ^(G) of the group G is defined as follows: 

- the set of vertices consists of normally generating ri-tuples, i.e. 

VA„,s{G) = {{gu...,gn) G G" |< ^i, ...,^„ >= G}; 

- two vertices are connected by an edge if one of them is obtained from 
the other by an elementary AGs'-move. 

If S* = G we simplify the notation to A„(G). Clearly if S generates G, the 
graph An,s{G) is connected if and only if the graph A„(G) is connected. The 
graph A„ 5(G) is a regular graph which admits loops and multiple edges. 
The Andrews-Curtis conjecture can be reformulated in terms of graphs: 

Conjecture 1.2 (The Andrews-Curtis conjecture). For a free group Fn of 
rank n > 2, the Andrews- Curtis graph A„(F„) is connected. 

Let G be a finitely generated group and n > rank(G). The set of n- 
tuples G" can be identified with the set of homomorphisms from Fn to G 
and, therefore, the set of generating n-tuples can be identified with the set of 
epimorphisms Epi(F„,G). Hence there are natural actions of the automor- 
phism group Aut Fn on both G" and Epi(F„, G), by precomposition. Elemen- 
tary Nielsen moves can be seen as elements of Aut F^, moreover, by a result 
of Nielsen (see [23], Chap. I, Prop. 4.1), they generate AutF„. Therefore 



the orbits of the action of Aut F„ on Epi(F„, G) are the Nielsen equivalence 
classes. Transitivity of this action has been studied in different contexts, see 
[I21I231E0]. 

We define the Nielsen grapn^ r„(G), n > rank(G) as follows: 

- the set of vertices consists of generating n-tuples, i.e. 

Vt^G) = {{gu ...,gn) G G" I {gu ...,^„) = G}; 

- two vertices are connected by an edge if one of them is obtained from 
the other by an elementary Nielsen move. 

Observe that the graph r„(G) is connected if and only if the action of Aut F„ 
on Epi(F„, G) is transitive. 

As an example, let us consider a finitely generated abelian group G. Then 
a normal generating set is just a generating set and elementary Andrews- 
Curtis moves coincide with elementary Nielsen moves. Therefore the two 
graphs An{G) and Tn{G) coincide. Moreover, we have the following: 

Theorem 1.1 ([28l[8l|29]). Let G be a finitely generated abelian group given 
as 

where r, s > 0, ?ni, ..., rrtr > 2 and mi\m2\...\mr. Then rank[G) = r + s and 

• Tn{G) is connected for n > r + s + 1; 

• ifr = 0, i.e., G = Jf , then '^ s{G) is connected; 

• if r j^ then Tr+s{G) has 4>{mi) connected components. 

Along with this result there are several partial results about the connect- 
edness of Tn{G) for particular families of groups. For instance, r„+i(G) is 
connected when G is a finitely generated nilpotent group of rank n [TT] . For 
further known results we refer the reader to Section [Hon Nielsen equivalence, 
and to the references therein. 

Let us get back to the Andrews-Curtis conjecture, which is still open. 
There have been several attempts to construct counter-examples. See Sec- 
tion [3] on Andrews- Curtis equivalence for more on that. A possible way to 
disprove the conjecture would be to find two normally generating systems of 
Fn such that their images in some finitely generated group are not Andrews- 
Curtis- equivalent. This motivates to analyse the connected components of 



■^Also called the extended Product Replacement graph. 



the Andrews-Curtis graph of finitely generated groups. One of the few pos- 
itive results in this direction is that A„(G') is connected when G is a free 
soluble group of rank n [26], and its proof can be adapted for free nilpotent 
groups. 

Borovik, Lubotzky and Myasnikov [6] studied connected components of 
A„(G) for finite groups. In particular, they proved the following: 

Theorem 1.2 ([6]). Let G he a finite group and n > niax{tf;(G), 2}. Then 
two normally generating tuples U, V are AC-equivalent if and only if they are 
AC-equivalent in the abelianization Ah{G) = G/[G,G]. In other words, the 
connected components of the AC-graph A„(G) are precisely the preimages of 
the connected components of the AC-graph A„(Ab(G')). 

Furthermore, they raised the question whether such a criterion holds for 
the Grigorchuk group [TH HB] : this is a 3-generated residually finite 2-group 
which is just-infinite; hence Theorem 11.21 holds in every proper quotient of 
the group. It equally makes sense to ask the question for other just-infinite 
groups. We will now discuss a class of groups which includes the Grigorchuk 
group (see e.g. [IH], Chap. VIII for more on the Grigorchuk group). 

In this paper we focus on the class CC of finitely generated groups for which 
every maximal subgroup is normal. 

A finite group is in ^ if and only if it is nilpotent [331 5.2.4]. Moreover €. 
contains finitely generated nilpotent groups, because any maximal subgroup 
of a nilpotent group is normal [TJ 1.70]. The class £ also contains the family 
of Grigorchuk groups (Gi^),i,go [HI US] indexed by sequence in fi = {0, 1, 2}^, 
and Gupta-Sidki p-groups [211 132] • 

We will now state our first result: 

Theorem 1.3. Let G be in € and n > w{G). Then two normally generat- 
ing n-tuples U, V are AC-equivalent if and only if they are AC-equivalent in 
the abelianization Ab(G) = G/[G,G]. In other words, the connected com- 
ponents of the AC-graph A„(G') are precisely the preimages of the connected 
components of the AC-graph A„(Ab(G)). 



Together with Theorem II. H our result describes the connected components 
of the Andrews- Curt is graph for groups in €. 

Corollary 1.1. For the Grigorchuk group G the Andrews- Curtis graph A„(G), 
77, > 3, is connected. 

It is not hard to see that, for groups in €, the set of vertices of A„(G) 
and Tn{G) coincide (see Proposition 12. 1|) . Therefore connectedness of r„(G) 



implies connectedness of A„(G). Our other results are devoted to connect- 
edness of r„(G). We have already mentioned that Tn{G) is connected for 
nilpotent groups when n > rank(G) + 1. Here we study connectedness of 
Tn{G) for nilpotent groups when n = rank(G). For free nilpotent groups, 
as a direct corollary of the result by Andreadakis [2] and Bachmuth [3], we 
obtain the following: 

Theorem 1.4 (Section 4.2). Let G be the free nilpotent group of rank n >2 
and nilpotency class c. Then r„(G) is connected if and only if c = 1 or 2. 

Furthermore, let Tik be the discrete Heisenberg group of rank 2k (Section 

S2D. 

Theorem 1.5 (Section 4.2). The graph r„('Hfc) is connected when n > 2k. 

In the end we prove the connectedness of r„(G) for p-groups in €. with 
n > rank(G) + 1: 

Theorem 1.6 (Section 4.1). Let G be a p- group in €. Then Tn{G) is con- 
nected when n > rank(G') + 1. 

We remind that the Gupta-Sidki p-group, p >3, is 2-generated. 

Corollary 1.2. Tn{G) is connected for the Grigorchuk group and the Gupta- 
Sidki group, when ra > 4 and ra > 3 respectively. 

Corollary 1.3. Let G be the Gupta-Sidki p-group, p > 3. Then T2{G) has 
at least p — 1 connected components. 

Question 1. Is T^^G) connected for the Grigorchuk group? 



2 Class € 

The class € is a class of finitely generated groups for which every maximal 
subgroup is normal. 

We recall that the Frattini subgroup ^{G) of a group G is the intersection 
of all maximal subgroups of G, and ^{G) = G ii G does not have maximal 
subgroups. 

Proposition 2.1. Let G be a finitely generated group. Then G is in € if and 
only if all normally generating sets are generating sets. Moreover, if G is in 
(t, then [G,G] <^{G). 



Proof. Let G be in C and assume by contradiction that there is a normally 
generating set 5* which is not a generatng set. Since G is finitely generated, 
any proper subgroup is contained in some proper maximal subgroup [27], 
therefore (S) < M < G for some proper maximal subgroup M . Then 
< S >= G < M^ = M < G. It is a contradiction. 

Conversely, we will prove that if all normally generating sets are gener- 
ating sets then all maximal subgroups are normal. We prove the equivalent 
statement: if there is a maximal subgroup M which is not normal, then there 
exists a normally generating set which is not a generating set. We take as a 
normally generating set S = M. Then -C S ^= G since M is maximal and 
(5) 7^ G since M is proper. 

Futhermore, if G is in (t then for any maximal subgroup M the quotient 
G/M is isomorphic to 'L/p'L by the correspondence theorem, in particular, 
G/M is abelian. Therefore [G, G] < M and we conclude that [G, G] < $(G). 
D 

Proposition 2.2. Let G be in € and n > 1. Then the natural maps 

Tin : Epi{Fn,G) -^ Ept{Fn,G/[G,G]), 
0„ : Ept{F^,G) ^ Ep^(F„,G/$(G)) 

are surjective. 

Proof. We will now prove the case of 7r„. Consider the projection tt : G — )> 
G/[G,G]. 

If n < rank(G/ [G,G]), the sets Epi(F„, G/[G, G]) and Epi(F„,G) are 
empty and there is nothing to prove. Assume now that n > rank(G/[G, G]). 
Let si,...,Sn G G such that 7r(si), ..., 7r(s„) generate G/[G,G]. Suppose 
(si, ..., Sn) < M for some maximal subgroup M of G; we will obtain a contra- 
diction. By Proposition [m [G,G] < M, and we have M/[G,G] = ti{M) = 
7r(G) = G/[G,G]. Hence {e} = g/^'g'g ^ G/M. This is a contradiction 
since M is a proper subgroup of G. The proof for 0„ repeats the one above 
with [G,G] replaced by $(G). D 



3 Andrews-Curtis equivalence 

There are doubts as to whether the Andrews-Curtis conjecture is true. A pos- 
sible way to disprove it would be to find two normally generating systems of 
Fn such that their images are not Andrews- Curtis-equivalent in some finitely 
generated group. 



Akbulut and Kirby [T] suggest a series of potential counter-examples for 
F2 = {x, y)i i.e., normally generating tuples which are not known to be AC- 
equivalent to {x,y): 

{u,vi) = {xyxy-^x-^y-\x'y~^'+^^), I > 1. (1) 

It was suggested in [5] that one could confirm one of these potential 
counter-examples by showing that for some homomorphism : F2 — )■ G to a 
finite group G, the images of the pairs ([T]) are not Andews-Curtis-equivalent. 

Notice that in an abelian group of rank 2: 

{xyxy^^x~^y^^,x^y~^^^^'i) ~yic {x,y) 

so for every homomorphism cf) : F2 -^ A into an abelian group A, the images 
of the pairs ([T]) are AC-equivalent. 

In view of the latter, [6] considered the class of groups with the following 
property: for any n > max{w(G), 2}, two normally generating n-tuples U, V 
are AC-equivalent in G if and only if their images are AC-equivalent in the 
abelianization Ab(G'). Therefore groups from this class will not confirm the 
potential counter-examples ([T]). Borovik, Lubotzky and Myasnikov [S] proved 
that all finite groups belong to this class. They also ask whether it is true for 
the Grigorchuk group. Our Theorem 11.31 answers their question positively. 



We will now proceed to the proof of Theorem 11.31 
First, we present a few well-known properties of the Frattini subgroup: 

Lemma 3.1. Let G be a group. 

1. l3^ 5.2.12] Frattini subgroup $(G) is equal to the set of non- generators 
ofG, z.e.,zfge <I>(G) and {g,X) = G then {X) = G. 

2. rO]/ Let G = (xt. .... x„) and (pi, ...,(pn ^ ^{G). Then 

{Xi(pi,...,Xn(Pn) = G. 



Proof of the Theorem li.gl Let G be in C Then by Proposition 12.11 
normally generating sets coincide with generating sets of G and therefore 
rank(G) = w{G). 

Consider two generating tuples U.,V inG which are AC-equivalent. Then 
for any normal subgroup N < G their images in G/N are AC-equivalent. In 
particular, it is true for A^ = [G, G]. 



Assume now that the images of U, V in Ab(G) are AC-equivalent. Let 
us first consider the case n = rank(G') and rank(G') = 2. Proving that 
U = {ui,U2),V = {x,y) are AC-equivalent is equivalent to proving that 
{x,y) and {x(pi,y(p2) are AC-equivalent for Vc/?i,c/?2 € [G, G]. 

Denote by ordG(5') the order of g in G. One computes that 

{x'^^y^-'lrii G (-ordG(x),ordG(x)),n2 G (-ordG(y), ordG(y))} 

is a right coset representative system for G mod [G, G]. Using the Reidemeister- 
Schreier rewriting process we find a set S of generators for [G, G]: 

S = {x"^?/"2x(x"^+-^?/"2)~^,ni G (— ordG(a;),ordG(x)),n2 G 
(-ordG(y),ordG(l/))}. 

We will proceed by induction on the length of (fi G [G, G] in generators 
of S to prove that {x,y) and {x(pi,y) are AC-equivalent. Let ipi = sip[ with 
s E S and ip[ G [G,G] such that ^^(v^i) < ls{fi)- Then 

{xipi,y) = {xsip[,y) = (x ■ x'''-y''^xy~'^'^x^"-'-~'^ip[, y) -^i^,ac 

(X ■ x"l?/"2x?/-''22,-ni-l^/^^3,ni + ly-l2,-ni-l^ _^^^ ^^^^^_^ ^,^^^ 

\X y X Yi^x yx ) ~Li2 1^2 1 times \X(p-^^,x yx ) ~ac 

By induction we conclude that {xipi,y) and {x,y) are AC-equivalent. 

Now let X = xifii and G = {x,y). By a similar procedure using the 
Reidemeister-Schreier rewriting process we find [G, G] = (S) where 

S = {x"^|/"2x(x"^+iy"^)-\ni G (-ordG(x),ordG(x)),n2 G (-ordG(y),ordG(y))}. 

Let ip2 = S(f2 with s E S and c/^g G [G, G] such that /5(v52) < ^{'^2)- Then 

(£,2/£~V2) ~Ac (yxy'S 2/x" V2) ~L2i,AC {x^ycp^). 

By induction (x,|/) and {x,yip2) are AC-equivalent. We conclude that (x,?/) 
and {xipi,yip2) are AC-equivalent. 

Let n = rank(G) > 3 and G = (xi,...,x„). Then [G, G] = (S), with 
^ = {x^\..x;^"xz(x7*\..xp+\..a;;[^")-\mi G (-ordG(xi),ordG(xi)), 
rra„ 7^ 0, 1 < / < n}. Then the proof above can be repeated with more similar 
cases to consider. 



Finally, assume n > rank(G), and for simplicity rank(G') = 2. Let us fix 
a system of generators {x, y} of G. 

Since G/[G,G] is abelian and n > rank(G/[G, G]), the A„(G/[G,G]) = 
Tn{G/[G,G]) is connected by Theorem 11.11 We need to prove that A.„(G) 
is connected. This is equivalent to proving that {xipi,yip2,(p3, ...y^Pn) ~ac 
(x, y, 1, ..., 1), Vc/?!, ..., ipn e [G, G]. We use that {xipi,yip2) ^ac {x, y) Vf/^i, ip2 G 
[G, G], and conclude with the following: {xipi,y^2, V^s, •••, ^n) ^Ac {x, y, ips, ..., </?„,) 

{X, y, CP3 ■ {^3)~\ •••, Vn ■ (V^n)"^) = (x, y, 1, ..., 1). 

If n > rank(G) > 2 then one concludes that A„,(G) is connected with the 
same type of arguments. D 

There is a different proof for the fact that if (xi, ...,x„) = G then Vc G 
[G,G]: {xi,...,Xn) ^Ac {xiC,X2,...,Xn) (see Property 2, 



Question 2. /s zi true that, if An{G) is connected for some n > w{G), then 
Am{G) is connected for every m > n? 

The following proposition gives a partial answer to Question [2l 

Proposition 3.1. Let G be in (t and suppose A„(G) is connected for some 
n > w{G). Then Ak{G) is connected for every k > n + 1. 

Proof Let G =^ Xi, ...,Xn ^- Since G is in (t we have (xi, ...,x„) = G. 
By assumption A„(G) is connected for some n > w{G). It is sufficient to 
prove the statement for k = n + 1. We need to show that for each normally 
generating (n + l)-tuple {gi, ...,gn+i) there is a sequence of Andrews-Curtis 
moves which transforms ((?!, •••,5'n+i) into (xi, ...,x„, 1). Consider a natural 
projection vr : G — )■ Ab(G). Notice that n + 1 > rank(Ab(G)) + 1 and 
therefore A„+i(Ab(G)) is connected. Hence {gi, ...,g^_^_i) r^Ac (xi, ...,Xn,l) 
in Ab(G), and consequently {gi,...,g+i) ^ac (a^iCi, ...,XnC„, c„+i) for some 
ci, ..., Cn+i G [G, G]. Since G is in (t we have that [G, G] < $(G) and therefore 
(xiCi, ...,x„c„) = G. Hence 

(XiCi, ..., X„C„, C„+i) -^c- (a^lCi, ..., X„C„, C„+i ■ C~ll) = (XlCl, ■■■, XnCn, 1) ~AC 
(xiCi,...,X„C„,C„) ~AC (xi,X2C2...,X„Cn,l) ~AC ••• ~AC (xi, ..., X„, 1). D 

Proof of Corollary {12 Since G/[G,G] ^ (Z/2Z)3 (see, for example, 
[19], VIII.22), the graph A3(G/[G,G]) = A3((Z/2Z)3) = r3((Z/2Z)3) is 



^AC 



connected for n > 3 by Theorem 11.11 To obtain connectedness of A„(G), 
n > 3, apply Theorem 11.31 and Proposition 13.11 D 



4 Nielsen equivalence 

The question about transitivity of the action of Aut F„ on Epi(F„, G) was 
raised in 1951 by B.H. Neumann and H. Neumann [28] and has been studied 
in different contexts, see [121 l23l |30] . If G is a fundamental group of a closed 
surface S then the action of Aut -F„ is transitive already for n = rank(G) 
[221 El]- There are examples of finitely generated groups when it is not. 
For instance, for finitely generated abelian groups (see Theorem II. ip with 
nil > 3. But once n > rank(G) + 1 transitivity is easier to get. It holds for 
finitely generated nilpotent groups [11], for finite solvable groups [10], as well 
as for PSL{2, q) for n > 4 and q a prime power 



Proposition 4.1. 07] / Let G he a finitely generated group and n > rank(G') + 
1. IfTn{G/(^{G)) is connected then r„(G) is connected. 

Proof. Let rank(G) = d and also let us fix a generating system of G = 
{xi,...,Xd)- Assume that r„(G/<l>(G)) is connected. Then any generating 
system {gi,...,gn) of G is Nielsen equivalent to {xiipi, ...,Xd<Pd,<Pd+i, ■■■,'^n) 
for some (pi, ..., (pn G $(G). Since v?i, •••, <^d G ^{G) then {xi(pi, ..., Xd^Pd) = G 
and we conclude the proof with the following: 

{gi, •••, 9n) ~ {xiifi, ...,Xd(pd, V^d+i, •••, ^n) ~ (a^iv^i, ...,Xd(pd, 1, ..., 1) ~ 

{Xiifi, ...,Xd(pd, V^l, I---, 1) ~ {Xl, X2^2---, Xd^d, I---, 1) ~ 

(xi,a;2,...,a;d,l...,l).n 
In fact, for groups in the class €, the converse is also true by Proposition 



Corollary 4.1. Let G be in€ and n > rank(G) + l. Then r„(G) is connected 
if and only ifTn{G/^{G)) is connected. 

Corollary 4.2. Let G be in € and suppose r„(G) is connected for some 
n > rank(G). Then Tk{G) is connected for all k > n + 1 . 

Proof. Since G is in (T then [G,G] < $(G). Use that G/$(G) is abelian 
and apply Theorem 11.11 and Corollary 14. 1[ D 

4.1 Nielsen equivalence for j^-groups in class C 

In this chapter we will prove Theorem 11.61 In view of the Corollary 14.11 it is 
desirable to analyze the quotient of the group by its Frattini subgroup. 

Proposition 4.2. Let G be a finitely generated p-group from C Then 

10 



Proof. First we prove that ^{G) is of finite index in G and then show 
that G/^{G) ^ {Z/pZy^''^^^\ 

Let M be a proper maximal subgroup of G. Then by assumption M <iG 
and G/M is an abehan p-group, hence finite. Let us prove that [G : M] = p. 
Assume that [G : M] ^ p and since G is a p-group then it must he p'',k > 2. 
Then g^ & M for any g E G. We choose g ^ M. There is < r < A; 
such that gP"^ G M and g^"^ ^ M. Consider the subgroup Mi = {g,M). 
Obviously M < Mi and Mi 7^ G. Indeed, assuming that Mi = G we get 
by the third theorem of isomorphism that |{e}| = \/ /j^n = ^ = p'^"^ 7^ 1. 
So M < Ml < G which contradicts the maximality of M. Hence G/M has 
order p. 

Since G is finitely generated, there are only finitely many subgroups of 
a given index [IB]. Hence there are finitely many maximal subgroups of G. 
We use that the intersection of finitely many subgroups of finite index is 
a subgroup of finite index [18] and conclude that the index of the Frattini 
subgroup $(G) is finite. 

Since G is in (t, [G, G] < $(G) by Proposition [2711 Also for given g E G we 
have gP E M for any maximal subgroup M and thus g^ G $(G). Moreover 
G/^{G) is finite and we conclude that G/^{G) is an elementary abelian 
group. By the fundamental theorem of abelian groups G/^{G) is a direct 
product of nontrivial cyclic subgroups, each of which must have order p: 

G/<^{G) ^ [Z/pZY, 

where i < d = rank(G). Suppose that i < d and there is a generating i- 
tuple {si,...,Si) of G/$(G). By Proposition 12.21 (si,...,s^) has preimage in 
Epi(F^, G) therefore rank(G) < d. We obtain a contradiction. D 

Proof of the Theorem \l.b\ Use Proposition 1^7^ Theorem 1 1.1 1 and Corollary 
an D 

Proof of CorollarylTM Since G/$(G) ^ {Z/pZf [32], the graph r2(G/<l>(G)) 
has p — 1 connected components by Theorem I l.li If two generating tuples of 
G are Nielsen equivalent in G then their images in G/^{G) are also Nielsen 
equivalent. We deduce that there are at least p—1 > 2 connected components 
ofr2(G). D 

4.2 Nielsen equivalence of free nilpotent and Heisen- 
berg groups 

Let us recall the following definitions: 

11 



• A subgroup K of a group G is called characteristic if K is invariant by 
all automorphisms of G; 

• Let W^{x\), /i = 1,2,..., be a set of words in the symbols xa, A = 
1,2,.... Then the {W^}-verhal subgroup G{W^) of a group G is the 
subgroup of G generated by all elements of the form W^{g\), where g\ 
ranges over G. 

Any verbal subgroup is characteristic, but converse is false. 

Let Fn be the free group of rank n > 2 and let l^ be a verbal subgroup 
of Fn- Then, in particular, V is characteristic and the natural mapping 
Fn — !• Fn/V induces a homomorphism p : Aut(Fn) — >■ Aut(F„/'K). Elements 
of the image of p are called tame automorphisms of Fn/V . Since l^ is a 
verbal subgroup, a map between two generating n-tuples of Fn/V can be 
extended to an automorphism of Fn/V (see [23], Theorem 1.1). Thereby 
the transitivity of the action of Aut F„ on the set of generating n-tuples is 
reduced to the question whether all automorphisms of Fn/V are tame. 

Recall that for a finitely generated nilpotent group G, r„(G) is connected 
for n > rank(G) + 1 [TT]. We will discuss r„(G), n = rank(G) for free 
nilpotent groups and Heisengroup groups. 

Consider the lower central series of F„: F„ > [F„, F„] > [F„, [F„,F„]]..., 
every member of which is a verbal subgroup of Fn- Let 'jcFn be its c-th term. 
The group F„(c) = Fn/'jc+iFn is the free nilpotent group of rank n and class 
c. 

Theorem 4.1 (OH]). Let Fn{c) be a free nilpotent group of rank n > 2 and 
class c. Then 

- all elements of Aut Fn{c) are tame for c = 1 or c = 2; 

- ifc>3 then there exist non-tame automorphisms in AutF„(c). 

The Theorem 11.41 is a straighforward corollary from the Theorem 14.11 
Moreover in the case n = 2, c = 3, the result of Andreadakis implies that 
there are infinitely many Nielsen equivalence classes (Proposition 14.31 below). 

Proposition 4.3. For the free nilpotent group -^2(3) there are infinitely many 
Nielsen equivalence classes. 

Proof. Andreadakis [2] showed that for -^2(3) = {x,y), the central auto- 
morphism of -^2(3) 

X -> x[y,x,x]^'[y,x,y]^'' ,^. 

y -> y[y,x,x]'''[y,x,y]''^ 
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is tame if Ai = /X2 and A2 = /xi = 0. We consider a non-tame automorphism 
ofF2(3): 

X — )■ x[y,x,x] 



a 

' y ^ y 

and show that there is no cr G AutF2 such that a* = aa\ for i > j. Or 
equivalently there is no a G AutF2 such that a^ = a for an arbitrary pos- 
itive integer k. By criterion above the automorphism a^ is tame if it is 
trivial Consider a^{x) = x[y,x,x][y,x[y,x,x],x[y,x,x]] = x[y,x,x]'^. More 
generally, 

fc _ f X -^ x[y,x,xf 



a 

' y ^ y 

Hence a'^ is not trivial for any A; > 0. D. 

It is easy to see that there is just one Nielsen equivalence class if c = 1 
not using Theorem SH F„(l) = Z" and Epi(F„,Z") = G'L„(Z). Moreover 
p(AutF„) = GL„(Z) and the action of GLnC^) is obviously transitive on it- 
self. For n = c = 2 the nilpotent group -^2(2) is isomorphic to the Heisenberg 
group "Hi = {x,y\[x,[x,y]],[y,[x,y]]) [20]. 



Corollary 4.3. For the first Heisenberg group "Hi the graph T2{'Hi) is con- 
nected. 

This statement about the Heisenberg group "Hi can be generalised to 
higher dimensions. The discrete Heisenberg group Tik, k > 1, is the group of 
integer matrices of the form 




with X = (xi,...,Xfc) a row vector of length k, y = {yi, ...,yk)'^ a column 
vector of length k, and Ik is the k x k identity matrix. 

Proof of the Theorem \1.5[ 
We will prove that N^s,nk{Hk)i.'^k/^{'Hk)) is connected and deduce connect- 
edness for A^rank(Wfc)(^fc)- Wc refer to [TT] for the case n > rank('Hfc) + 1. 

Each element of "H^ can be written as {xi, ...,Xk,yi, ..-yykyz). The identity 
element of Ti is (0, 0, ..., 0) and 

(xi,...,Xk,yi,...,yk,zy^ = {-xi,...,-Xk,-yi,...,-yk,xiyi + ... + xtyk - z). 
The group multiplication is then given by the following rule: 
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{xi, ..., Xk,yi, ..., Vk, z){x[, ...,x'^, y[, ..., y'^, z') = 
(xi +x[,...,Xk + x'^,yi + y[,...,yk + yk,z + z' + xiy[ + ... + Xky'^). 

Calculations show that \Hk,V-k] = Z{V.k) = Z and AhiHk) = Z^^'. 

Observe that lik = ((1, 0, ..., 0, 0), (0, 1, ..., 0, 0), ..., (0, ..., 1, 0)) and 
rank('Hfc) = '^k. Let vr : Tik — > Ab('H/t) be the natural epimorphism. Then 
more generally 

{hi, ..., h2k) = T-ik if and only if (7r(/ii), ..., 7r(/i2fc)) = Z^''. 

Indeed, if (/ii, ..., /i2fc) = Hk then clearly (7r(/ii), ..., 7r(/i2/t)) = Z^'^. The proof 
of the inverse implication goes as follows. Let (7r(/ii), ...,7r(/i2fc)) = '^'^^- Then 
(7r(/ii), ..., 7r(/i2fc)) is Nielsen equivalent to ((T, 0, ...,0,0), (0,T, ...,0,0), ..., (0, ...,T, 0)) 
in 1?^ . In other words, (/ii, ..., /i2fc) is Nielsen equivalent to 

((I,0,...,0,mi),(0,l,...,0,m2),...,(0,...,l,m2fc). 

The last step is to show that ((1, 0, ..., 0, mi), (0, 1, ..., 0, 7722), ..., (0, ..., 1, m2fc)) = 
Hk. We calculate [(1, 0, ..., 0,mi), (0, ..., 1, ...0,mfc+i)] = (0, ...,0, 1). More- 
over for all Sj e Z letting a = S2k+i - Sirrii - ... - S2k'm2k - SiSk+i - ... - SkS2k 
we have 

(Si, S2, ..., S2ki S2k+l) = 

[(l,0,...,0,mi),(0,...,l,...0,m,+i)]«-(l,0,...,0,mi)^i-...-(0,...,0,l,m2fe)^2^ 

We get then that (/ii, ..., h2k) is Nielsen equivalent to a generating system of 
Hk and conclude that {hi, ..., h2k) is also a generating system. 

Since l-ik is nilpotent group we have \Hk,'Hk] < ^(T^k) [H]- Let us show 
that ^{Uk) < [Hk,nk] or, equivalently, if ^ ^ [Hk,nk] then g ^ ^{Hk). 
Assume g ^ [hik,^]^ then g"-^ ^ 0. We deduce that 3g2,...,g2k £ ^^'^ such 
that {g'^^g'^, ...,^^,) = Z^^ Therefore g i ^{Uk) and [Hk^Uk] = ^{Hk). 

Notice that AutF2fc acts transitively on Tik/^iT-Lk) — ^^ ■ Therefore any 
generating 2/i;-tuple of l-ik is Nielsen equivalent to 

((1, 0, ..., 0, mi), (0, 1, ..., 0, m2), ..., (0, ..., 1, m2fc)) 

for some integers rrtx, ...,m2k- To obtain connectedness of N2k{'Hk) it is suf- 
ficient to prove that there exists a G Aut F2k which transforms 

((1, 0, ...,0,0), (0,1,..., 0,0), ...,(0,..., 1,0)) 

into 

((1, 0, ..., 0, mi), (0, 1, ..., 0, m2), ..., (0, ..., 1, m2fc)) 

for any ttij G Z. 
One calculates 
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{L-l^,R,,k+ir'{{l, 0, ..., 0, 0), (0, 1, ..., 0, 0), ..., (0, ..., 1, 0)) = 
((l,0,...,0,mi),(0,l,...,0,0),...,(0,...,l,0)). 

More generally \/i : 1 < i < k 

{L-l+,R^,k+^r'{0, ..., 1, ..., 0, 0) = (0, ..., 1, ..., 0, m,) 

and\/k: k + l<i<2k 

(L,,_fci?r^,r»(0, ..., 1, ..., 0, 0) = (0, ..., 1, ..., 0, rrii). D 
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